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ent, resulting in a rapid reduction in 6, before the effects due
to the adverse gradient near the outlet take over. The Cf
remains well positive throughout the contraction, thus indicat-
ing that separation is not predicted for this particular design.
The results from the two techniques are seen to compare
favorably, especially for the region near the contraction out-
let. Since the program for Thwaites method is relatively easy
to obtain and use,6 all of the boundary-layer data presented
below were computed using this method.

In order to validate the proposed computational scheme,
the boundary-layer properties in four contractions installed on
blower-driven wind tunnels (Table 1) were calculated and
compared with actual measurements. The wall shapes for the
four contraction sections are plotted in normalized coordi-
nates in Fig. 3. Two of the wall shapes were based on a
fifth-order polynomial, while the other two were designed "by
eye" following the guidelines given in Ref. 1. Note that for all
four contractions investigated, the nondimensional geometric
parameters are similar; the contraction ratio is about 8, the
length to inlet height ratio is about 1, and the cross-sectional
aspect ratio at the exit is about 5.

For all four contraction shapes, the computations predicted
an attached boundary layer along the entire length. The mea-
sured values of the boundary-layer momentum thickness at
the exit of the contractions are compared with those predicted
by Thwaites' method in Table 2. The comparisons are made
along the wind-tunnel centerline at a short distance (typically
less than 15 cm) downstream of the contraction exit. The
predicted values of the momentum thickness for all four cases
are within about 10% of the measured ones; the typical mea-
surement repeatability was within 1%. The predicted values
generally are lower than the measured ones, presumably due
to the generation of weak secondary flows along the contrac-
tion walls,8 which tend to thicken the boundary layer along the
tunnel centerline. Note that the maximum error between the
predictions and experiments occurs for wind tunnel A, which
also has the maximum three-dimensionality in the contraction
geometry. The agreement between predictions and measure-
ments for all the other boundary-layer properties was com-
parable and details are given in Ref. 3.
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Conclusions
A scheme is proposed for the prediction of boundary-layer

development in small, low-speed contraction sections. The
wall pressure distributions, and hence the wall velocity distri-
butions, are first calculated using a three-dimensional poten-
tial flow method. Although a panel method was used in this
investigation, in principle, any potential flow solver should be
acceptable. Once the wall velocities have been obtained, the
boundary-layer behavior can be adequately calculated, rather
than relying on some separation criterion. For the family of
contractions discussed in this Note, the assumption of a lami-
nar boundary layer originating at the contraction entrance and
remaining laminar in passage through it seems justified. The
measured boundary-layer momentum thicknesses at the exit of
four existing contractions, two of which were three-dimen-
sional, were found to lie within 10% of the predicted values,
with the predicted values generally lower. The present results
indicate that the relatively simple Thwaites method is probably
adequate for most purposes. If the prediction accuracy of
within 10% on 6 is acceptable, then the present results also
suggest that an iterative process, accounting for the boundary-
layer displacement thickness, is not necessary.

Introduction

THE effects of various space environmental factors (such
as gravitational forces, radiation heating, radiation pres-

sure, space drag, and particle impact) on space structures
have long been realized and studied by numerous investigators
in past for small-sized space structures (for example, see refer-
ence list in Ref. 1). The deployment of very large flexible light-
weight structures in space, which have characteristic dimen-
sions of several kilometers operating at altitudes of
200-35,900 km above the Earth's surface, gives rise to a
number of new and significant problem areas that may or may
not have been associated with smaller systems.

This Note presents a theoretical development of the equa-
tions of motion of a very large axially flexible structure or-
biting the Earth with planar motion in a general noncircular
orbit. With the help of these equations of motion, it is antici-
pated that effects of many disturbances can be investigated on
large space structures' orbital motion, attitude motion, and
axial deformation (length). As an application of the equations
of motion, the effects of the orbit eccentricity are studied on
the coupled orbital, attitude, and axial motion of a large space
structure under the influence of the Earth's gravitational
forces.
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Fig. 1 Large orbiting structure in space environment.

Theoretical Development
The geometric configuration under consideration represents

a very large space structure consisting of two point masses, m{
and m2, connected by an axially flexible link structure that
moves in a general noncircular orbit around the spherical
Earth of radius R with center at O (Fig. 1). The mass of the
link structure is considered to be lumped at the two ends. This
dumbbell structure is assumed to move in the orbital plane
(coplanar motion). It is also assumed that the orbit of the
structure is defined by the motion of its center of mass C.

The generalized coordinates of the problem are 1) the radial
distance rc between the center of the Earth and the center of
mass of the space structure, 2) the angle 6 describing the sweep
of the radial line rc in the plane of motion, 3) the distance x be-
tween the two dumbbell masses ml and m2, and 4) the angle </>
between the local vertical line OC and the line joining the two
masses.

Kinetic Energy
The total kinetic energy of the system with respect to Earth-

fixed axes Xj, YI9 Z7 (Fig. 1) can be determined readily1 as:

KE = 1/2 {m [rl + + m[x2 + x2(& + < (1)
where m = ml+m2, the reduced mass, m=(mlm2)/m, and
the dot on top of a character represents the time derivative of
the corresponding quantity.

Potential Energy
The total potential energy of the conservative forces acting

on the system is given by1

(2)

where /x = gR2 is a constant quantity in which g is the accelera-
tion due to gravity at the Earth's surface, rl and r2 the dis-
tances of the mass centers of masses ml and m2 from the
center of the Earth, respectively, G the universal gravitational
constant, and Ue the strain energy. The first and the second
terms in Eq. (2) represent potential energies due to the Earth's
pull on the two end masses mv and w2, respectively, and the
third term potential energy due to the attractive forces be-
tween them.

1.00004-

» 1 .00002-

"* 1.00000

1.00004-

* 1.00002-

"* 1.00000-

1 .00005J

<1.00002-
H

0 . 9 9 9 9 9 -

e = 0.0 (CIRCULAR ORBIT)

400 800
t (MINUTES)

1200

2 5 -

2 0 -

sr1 5-
|i0:
^ 5

n 0.15 ,

3 0.00 -

e = 0.0 (CIRC. ORB.)

400 800 1200

t (MINUTES)_____

e = 0.56̂
(RIGID
STRUCTURE)

e = 0.56

5- Le = 0.0 (CIRCULAR ORBIT)

b)

I ' I
200 400 600 800 1000 1200

t (MINUTES)

Fig. 2 Variations of a) axial length x and b) attitude angle 0 of a
space structure.

Equations of Motion
Using Lagrange's procedure, the equations of motion of the

space structure can be obtained as1

mrc -

mrc(rcB [(-») '1 • ,> - m fji\ —— + — \xrc sin* = (Qe -
L rl ri\

= Qr

(3a)

,) (3b)
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dUe
+ dx

2xx(d -

(3c)

m [—— + — xrcsin* = i
r\ /*2J

(3d)

where Qr, Qe, Qx, and Q^ are generalized forcing functions
corresponding to the coordinates rc, 6, x, and *, respectively.
The differential equations of motion thus derived are coupled
and nonlinear. The transverse oscillations of the structure is
not included in the derivation of the equations of motion.
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Applications
To determine the effects of various external environmental

factors on a space structure's motions and deformation, the
equations of motion need to be solved with appropriate ex-
pressions for the strain energy Ue and forcing function terms
Qr> Qe> Qx> and Q0.

As an application of the equations of motion, the effects of
the Earth's gravitational forces are studied on a space struc-
ture's motion and deformation. Here, we have, Qr = 0, Qe = 0,
Qx = 0, and Q0 = 0. For an axially flexible structure, within
linear elastic deformation, the strain energy corresponding to
axial force can be obtained from Ue/dx = Ka (x—xs), where
Ka is the longitudinal stiffness of the structure and is given by
Ka =AcsE/xs (in which Acs and E are the area of the cross sec-
tion and modulus of elasticity of the structure, respectively).
xs is the static (reference) length of the dumbbell structure.
The equations of motion are solved by a numerical integration
method using a fifth- and sixth-order Runge-Kutta-Verner
method.

Physical Model and Initial Conditions
A tetrahedral truss configuration has been selected to repre-

sent a large space system. The masses of the truss and
substructures erected on it are considered to be lumped at the
two ends of the structure, giving a dumbbell-shaped model.
The equivalent mechanical properties of the truss system are
determined1 and are along with other constant parameters:
G = 8.64432xl016 kmVN-min 4 , g = 35.316 km/min2,
U = 6374.33 km, xs =1.0 km, Acs = 2.4495x 10~4 km2,
£=6.689496xl0 1 0 N /km 2 , and ml = m2 = 5.0 x 105

N-min2/kin.
The initial conditions in rc is 6574.33 km (200 km altitude

from the surface of the Earth). Circular and elliptical orbits
are considered to study the effects of orbit eccentricity on the
structure's motion and deformation. The initial values of the
length x equal to 1.000023 km arid angular velocity 6 equal to
0.07106292041142 rad/min are determined from the equilib-
rium state of the space structure in a circular orbit at 200 km
altitude.1 The orbital period of this circular orbit is approxi-
mately 88.4 min. Two elliptical orbits are considered—one
with the initial orbital angular velocity 00 equal to 0.0738
rad/min, giving a small orbit eccentricity (e = 0.0785), and the
other with 00 equal to 0.08883 rad/min, giving a fairly large
orbit eccentricity (e = 0.56). The orbital periods of the small
and large eccentric orbits are approximately 100 and 305.6
min, respectively. The initial values in 0, </>, rc, x, and 0 are set
equal to zero.

Results
The effects of the orbit eccentricity on the structure's axial

length are apparent in Fig. 2a where two different types of os-
cillation in x/xs can be seen. One is the fine, closely spaced,
small-amplitude oscillation in x, which exists even in zero ec-
centric orbit (circular orbit). Such a small oscillation in x/xs

may be due to the possible oscillations in </> because of some
round-off and truncation errors while computing the initial
values of x and 0. The second kind of oscillation in x/xs9
which has a larger amplitude and longer period of oscillation,
is mainly due to the orbit eccentricity. For the small (slightly)
eccentric orbit (e = 0.0785), the oscillation in x/xs is sinu-
soidal. For the large eccentric orbit (e = 0.56), a beat-type reso-
nant phenomenon can be observed (Fig. 2a).

Figure 2b shows that an increase in the eccentricity of an or-
bit introduces larger liberation in the attitude motion </>. For
the slightly eccentric orbit, <t> oscillates about the local vertical
with varying amplitude and period of oscillation (Fig. 2a, in-
set). For the large eccentric orbit, the dumbbell is ultimately
observed to be tumbling continuously. For such a large eccen-
tric orbit, computer simulation results for the same size system
treated as rigid and flexible bodies show that, in an earlier part
of the orbital motion, the difference in the amplitudes of oscil-
lation in <t> for these two type of systems is very small. On the
other hand, in the latter part of the motion, the rigid structure
is observed to have the greater tendency toward tumbling (Fig.
2b).

It should be mentioned here that the application of the
equations of motion is not limited to the study of gravitational
force effects only. The application of the equations can be ex-
tended to study the effects of many other environmental fac-
tors (e.g., thermal, radiation pressures, etc.) on a space struc-
ture. For example, on an axially flexible unrestrained
structure, thermal effects can be investigated when it is real-
ized that the external forcing functions Qr, Qe,Qx, and Q0 are
zero and the strain energy Ue can be expressed in terms of the
temperature variation of the structure.1'2

Conclusions
Using the equations of motion developed in the present

study, an investigation of effects of the orbit eccentricity on
the motion and deformation of a large space structure under
the action of the Earth's gravitational forces shows that an in-
crease in orbit eccentricity greatly disturbs the attitude motion
of the space structure. For highly eccentric orbits, the struc-
ture may tumble continuously. The orbit eccentricity, how-
ever, produces only small-magnitude of structural deforma-
tion.
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